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We study a relation between the weak phase γ and the rates and CP asymmetries of several Kπ decays
of B+, B0, and Bs , emphasizing the impact of the latter measurements. Current data indicate large SU(3)
breaking in the strong phases or failure of factorization (including its application to penguin amplitudes)
in Kπ modes of B0 and Bs . SU(3) and factorization only remain approximately valid if the branching
ratio for Bs → K−π+ exceeds its current value of (5.27± 1.17) × 10−6 by at least 42%, or if a parameter
ξ describing ratios of form factors and decay constants is shifted from its nominal value by more than
twice its estimated error.
© 2008 Elsevier B.V. All rights reserved.Several methods have been proposed to measure the Cabibbo–
Kobayashi–Maskawa (CKM) phase γ from B meson decays into DK
ﬁnal states [1–3] and in charmless strange ﬁnal states using ﬂa-
vor SU(3) symmetry [4–8]. Ref. [9] proposed using B+ → K 0π+ ,
B0 → K+π− , and Bs → K−π+ , the last two related by the U-
spin symmetry d ↔ s, to obtain γ . (A recent analysis employing
this method is described in Ref. [10].) Ignoring O(λ2) terms in the
B± → K 0π± decay amplitude,2 where λ = 0.2257 [12,13], γ is ob-
tained from the ratios of decay widths.
The ratio of contributions of Bs and B0 to the K±π∓ ﬁnal state
in proton–antiproton collisions has recently been reported with
improved accuracy by the CDF Collaboration [14]. The result is
( f s/ fd)B(Bs → K−π+)/B(B0 → K+π−) = 0.071 ± 0.010(stat.) ±
0.007(sys.), where f s/ fd is the ratio of production fractions of
Bs and B0. Given the world averages [15] f s = (10.4 ± 1.4)%,
fd = (39.8± 1.0)%, and B(B0 → K+π−) = (19.4± 0.6)× 10−6, this
implies B(Bs → K−π+) = (5.27± 0.74± 0.90) × 10−6. We include
this result along with direct CP asymmetries in B0 → K+π− and
Bs → K−π+ to solve for γ , the strong phases, and the ratio be-
tween tree and penguin amplitudes. We ﬁnd in general a two-fold
ambiguity in the solutions for weak and strong phases. Moreover,
we ﬁnd a large SU(3)-breaking effect either between the strong
phases or between the magnitudes of strangeness-conserving and
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doi:10.1016/j.physletb.2008.05.017strangeness-changing amplitudes, given the present experimental
situation [14].
We review the method proposed in Ref. [9]. Employing U-spin
symmetry, the decay amplitudes of the relevant modes are
A
(
B+ → K 0π+)= P , (1)
A
(
B0 → K+π−)= T ei(δd+γ ) + P , (2)
ξ A
(
Bs → K−π+
)= 1
λ˜
T ei(δs+γ ) − λ˜P , (3)
where the explicit t-quark dependence is removed using CKM uni-
tarity. Here T and P denote “tree” and “penguin” amplitudes,
proportional to the CKM factors V ∗usVub and V ∗csVcb , respectively.
The parameter λ˜ ≡ |Vus/Vud|  0.2317 using λ = 0.2257 [13] and
Vud =
√
1− λ2. We also include an overall SU(3)-breaking factor
ξ ≡ f K F B0π (m
2
K )
fπ FBs K (m
2
π )
m2
B0
−m2π
m2Bs −m2K
(4)
according to the factorization assumption for the amplitudes.3 Its
value is 0.97+0.09−0.11 [13,16], corresponding to almost exact SU(3).4
This should be compared with global ﬁts done within ﬂavor
SU(3) [17,18], which associated the breaking factor f K / fπ  1.2
with tree-type amplitudes only. In that case, the predicted branch-
ing ratios of the Bs → K−π+ and K+K− modes [18] agreed with
3 This includes the assumption that the penguin and tree amplitudes scale in the
same way. The consequence of relaxing this assumption will be explored.
4 We have assumed a vector dominance pole model to extrapolate the form fac-
tors from the q2 = 0 point computed in Ref. [16].
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Experimental values of observables used in this analysis. Branching ratios are
charge-averaged and in units of 10−6. To convert their ratios to those of rates
we use the lifetime ratios [15] τ (B+)/τ (B0) = 1.071 ± 0.009 and τ (Bs)/τ (B0) =
0.939± 0.021
Observable Exp. value Ref.
B(B+ → K 0π+) 23.1± 1.0 [15]
B(B0 → K+π−) 19.4± 0.6 [15]
ACP(B0 → K+π−) −0.097± 0.012 [15]
B(Bs → K−π+) 5.27± 1.17 [14]
ACP(Bs → K−π+) 0.39± 0.17 [14]
the later experimental measurements. The relative strong phases
between T and P are denoted by δd and δs for B0 → K+π− and
Bs → K−π+ , respectively. For consistency, terms of O(λ˜2) have
been ignored in these amplitudes. Since interactions directly in-
volving the spectator quark are expected to be dynamically sup-
pressed, we also ignore their contributions.
Consider the charge-averaged ratios [9]
Rd ≡ Γ (B
0 → K+π−) + Γ (B¯0 → K−π+)
Γ (B+ → K 0π+) + Γ (B− → K¯ 0π−) , (5)
Rs ≡ Γ (Bs → K
−π+) + Γ (B¯s → K+π−)
Γ (B+ → K 0π+) + Γ (B− → K¯ 0π−) , (6)
and the CP-violating rate pseudo-asymmetries:
Ad ≡ Γ (B¯
0 → K−π+) − Γ (B0 → K+π−)
Γ (B− → K¯ 0π−) + Γ (B+ → K 0π+)
= Rd ACP
(
B0 → K+π−), (7)
As ≡ Γ (B¯s → K
+π−) − Γ (Bs → K−π+)
Γ (B− → K¯ 0π−) + Γ (B+ → K 0π+)
= Rs ACP
(
Bs → K−π+
)
. (8)
Deﬁning the ratio r ≡ T /P , we derive
Rd = 1+ r2 + 2r cosγ cos δd, (9)
ξ2Rs = λ˜2 +
(
r
λ˜
)2
− 2r cosγ cos δs, (10)
Ad = 2r sinγ sin δd, (11)
ξ2As = −2r sinγ sin δs. (12)
Here we have ignored very small phase space differences. Eqs. (11)
and (12) imply a simple relation between the strong phases:
sin δd
sin δs
= − Ad
ξ2As
= − Rd ACP(B
0 → K+π−)
ξ2Rs ACP(Bs → K−π+) . (13)
Numerically, this ratio is 0.96 ± 0.54 according to the data in Ta-
ble 1.
First, we consider the SU(3) limit where δd = δs ≡ δ. In this
case, γ and δ always appear in the combinations cosγ cos δ and
sinγ sin δ in Eqs. (9), (10), (11) and (12). This set of equations has
the discrete symmetries (i) γ ↔ δ and r invariant; (ii) γ → γ +π ,
δ → δ + π , and r invariant; (iii) γ → γ + π , r → −r, and δ invari-
ant; and (iv) δ → π −δ, γ → π −γ , and r invariant. The amplitude
ratio r is negative according to the factorization assumption. In
the following analysis, we therefore consider only solutions with
0 γ  90◦ and r < 0. This still leaves the two-fold ambiguity (i)
mentioned above.
Eqs. (9) and (10) give the absolute value of the ratio between
the redeﬁned tree and penguin amplitudes
|r| = λ˜
√
Rd + ξ2Rs
1+ λ˜2 − 1. (14)Using the experimental inputs listed in Table 1, we have Rd =
0.899 ± 0.048, Rs = 0.260 ± 0.059, Ad = 0.087 ± 0.012, and As =
−0.101±0.050. Eq. (14) implies |r|  0.068±0.034 with the SU(3)
breaking factor ξ included. If ξ is set to (1,1.2), |r| increases
to (0.073 ± 0.026,0.106 ± 0.024). The condition Rd < 1 demands
r cosγ cos δ < 0 according to Eq. (9).
The B0 → K+π− and Bs → K−π+ rate asymmetries satisfy the
relation
Γ
(
Bs → K−π+
)− Γ (B¯s → K+π−)
= − 1
ξ2
[
Γ
(
B0 → K+π−)− Γ (B¯d → K−π+)] (15)
by U-spin symmetry. We can thus use ACP(B0 → K+π−) to pre-
dict ACP(Bs → K−π+)  0.35 ± 0.12. This is consistent with the
measured value in Table 1.
As B(B+ → K 0π+) and B(B0 → K+π−) have been determined
to about 5%, their current central values are not likely to vary
much in the future. In contrast, B and ACP of Bs → K−π+ have
only been measured by the CDF Collaboration for the ﬁrst time.
The quoted value of B(Bs → K−π+) [14] depends on the frag-
mentation fractions f s and fd [15] (see also Ref. [19]), whose ratio
carries a 14% error. (The total systematic error on B(Bs → K−π+),
including this contribution, is 17%.) In the following, we discuss the
dependence of solutions on the central value of B(Bs → K−π+).
As δs has been ﬁxed to be the same as δd , we omit ACP(Bs →
K−π+) from the ﬁt and predict its value from the ﬁt parameters.
Errors and other measurements are kept at their current values.
Fig. 1 shows the dependence of r on B(Bs → K−π+); the χ2
for the ﬁt to Rd , Rs , and ACP(B0 → K+π−); and the predicted
ACP(Bs → K−π+). For B(Bs → K−π+)  7.5 × 10−6, a solution
with strong phases satisfying exact SU(3) can be obtained, as in-
dicated by the vanishing χ2min value. This can be attributed to an
overall SU(3) breaking factor of at least ξ  1.2, 2.5σ from the cen-
tral value 0.97 given by factorization and echoing the observation
in Ref. [18] mentioned above. For B(Bs → K−π+) < 7.5 × 10−6,
one cannot obtain a satisfactory solution if δs = δd . In that case,
the value |r| = 0.068± 0.034 from Eq. (14) is too small to account
for Rd and Rs . The value of |r| is increased to 0.100 (or larger)
if we increase Rs by a factor 1.4 (or larger). With such values of
r one may obtain the central value of Rd and a suitable value of
Rs using Eqs. (9) and (10). This is the essence of the need for ei-
ther a larger B(Bs → K−π+) or a larger ξ . Indeed, Fleischer [10]
obtained a solution with δs − δd  10◦ by increasing Rd and Rs
by 1σ .
Current data thus call for SU(3) breaking in amplitudes at the
level of 20% or very different strong phases. As shown in Fig. 1,
both r and ACP(Bs → K−π+) decrease with increasing B(Bs →
K−π+). These conclusions are qualitatively unchanged if we allow
δd and δs to differ by  10◦ for small SU(3) breaking.
We show the dependence of γ and δ on B(Bs → K−π+) in
Fig. 2. Their values coincide with each other for small values of
B(Bs → K−π+), and start to split into three curves when it is
greater than 7.5 × 10−6. This occurs when χ2min becomes zero for
the upper (solid) and lower (dashed) branches. For the dash-dotted
branch in the middle, γ and δ still coincide with each other and
continue to decrease with B(Bs → K−π+). The χ2min values along
this branch are small but non-vanishing, corresponding to a “sad-
dle” region in parameter space. The upper and lower branches can
represent either γ or δ due to the γ ↔ δ symmetry. However, the
weak phase given by the solid curve is more consistent with other
analyses. In that case, the corresponding strong phase is given by
the dashed curve. As shown in the plot, γ (δ) grows (decreases)
monotonically with B(Bs → K−π+) above the fork point.
We now let δd 
= δs , permitting a test of the SU(3) symmetry
assumption. With four observables Rd , Rs , ACP(B0 → K+π−), and
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and δs in the decay amplitudes.
As shown in Fig. 3, there are two sets of possible solutions (left
and right) as a function of B(Bs → K−π+). For the solution on
the left, even though γ falls within the expected range, δd and δs
differ signiﬁcantly from each other. For the solution on the right,
the strong phases are also quite different and γ is too small when
B(Bs → K−π+)  6.5 × 10−6. However, when B(Bs → K−π+) 
7.5×10−6, γ becomes reasonable, δd is between 20◦ and 30◦ , and
δs approaches 50◦ . As the current measurement of the CP asym-
metry of Bs → K−π+ has an error over 40%, we expect it to have
a weaker constraint on the parameters, δs . For the current data,
two solutions are found, corresponding to the parameters:
(r, γ , δd, δs) =
(−0.128,60◦,23◦,155◦),
(r, γ , δd, δs) =
(−0.121,25◦,58◦,111◦). (16)
Fig. 1. Behavior of solutions as a function of B(Bs → K−π+), assuming r < 0
and δd = δs ≡ δ. The solid, dashed, and dot-dashed curves represent r, preferred
ACP(Bs → K−π+), and χ2min, respectively. The vertical dotted line indicates the cur-
rent central value of B(Bs → K−π+).In the former, γ is more consistent with results using other meth-
ods (for example, adding information based on B0 → π+π− [20]),
and a small strong phase δd as expected in perturbative QCD [21,
22]. However, the strong phase δs in both solutions is unexpectedly
large. The 1σ ranges around the former are
−0.143 r −0.112, 47◦  γ  72◦. (17)
The result for |r| here is larger than that from Eq. (14) with δd = δs .
Even though we no longer have the symmetries between the
weak and strong phases mentioned before because of the intro-
duction of an additional strong phase δs , we still obtain two pos-
sible solutions roughly corresponding to γ ↔ δd . Within this set
of observables, it is impossible to resolve the two-fold ambiguity
without resorting to some other methods or observables.
Fig. 2. Solutions as function of B(Bs → K−π+), for r < 0 and δd = δs ≡ δ. The fork
point corresponds to B(Bs → K−π+)  7.5 × 10−6. The solid and dashed curves
represent γ and δ, respectively, as preferred by other analyses. A saddle point solu-
tion with δs = δd and small nonzero χ2 is indicated by the dash-dotted curve. The
vertical dotted line indicates the current central value of B(Bs → K−π+).Fig. 3. Behavior of solutions as a function of B(Bs → K−π+), assuming r < 0. There are two sets of solutions (left and right) when δd and δs are treated as independent
parameters. The solid, dashed and dash-dotted curves represent γ , δd and δs , respectively. The vertical dotted line indicates the current central value of B(Bs → K−π+).
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Comparison of solutions for various values of Bs ≡B(Bs → K−π+)
Bs
(10−6)
Solution 1 Solution 2
r γ δd δs r γ δd δs
5.27 −0.128 60◦ 23◦ 155◦ −0.121 25◦ 58◦ 111◦
7.5 −0.148 64◦ 19◦ 149◦ −0.108 53◦ 31◦ 53◦
10.0 −0.167 66◦ 17◦ 144◦ −0.133 61◦ 22◦ 51◦
For the solutions in Eq. (16), δs is very different from δd , con-
trary to the SU(3) symmetry assumption. More likely possibilities
are a Bs branching ratio larger than the current value or a value of
ξ larger than the factorization estimate given above. These alter-
natives are impossible to distinguish from one another as the pa-
rameters ξ and Rs always appear in the combination ξ2Rs [even in
ξ2As = ξ2Rs ACP(Bs → K−π+)]. A larger left-hand side of Eq. (10)
would entail cos δs > 0 rather than the current situation, permit-
ting δs to be closer to δd . With ξ = 1.2, one would obtain a
solution r = −0.11, γ = 56◦ , δd = 28◦ , and δs = 51◦ . The reason
that δs − δd is still as large as 23◦ is because of the pull from
ACP(Bs → K−π+). As shown in Fig. 1, a smaller asymmetry is pre-
ferred if one hopes to have δs  δd .
Even though one often assumes the same SU(3) breaking factor
for the tree and penguin amplitudes, they can a priori scale differ-
ently. Denote the scaling factors associated with T and P by ξT and
ξP , respectively. By ﬁxing ξT = ξ and allowing ξP to vary around 1,
we ﬁnd that for ξP  1.2 the strong phase δs can lie in the ﬁrst
quadrant, but is still too large (> 70◦). The weak phase γ also falls
below 50◦ in this case. However, if we ﬁx ξP = ξ instead and vary
ξT , the solution improves with increasing ξT . Taking ξT = 1.5 as an
example, we ﬁnd r = −0.129, γ = 60◦ , δd = 23◦ , and δs = 41◦ . This
shows that the scaling behavior of T plays a more dominant role.
Next, we allow both ξT and ξP to vary by including γ =
(67.6±4.5)◦ [23] obtained from other methods as another observ-
able constraint. We ﬁnd that if δs −δd  20◦ , it is possible to obtain
a perfect ﬁt to the data. In these cases, the preferred values of r,
γ , and δd become ﬁxed at −0.182, 67.6◦ , and 15◦ .
The preferred values of ξT and ξP as a function of δs − δd are
shown in Fig. 4. When δs − δd  20◦ , no perfect solution exists.
But the most favored ξT increases linearly with the strong phase
difference, while ξP stays almost as a constant. If the equality
between the two strong phases is imposed, we ﬁnd χ2min = 0.82
with r = −0.114, γ = 67◦ , δd = δs = 26◦ , ξT = 1.59, and ξP = 0.75.
When δs − δd  20◦ , ξT drops while ξP increases.
In Table 2 we compare pairs of solutions for B(Bs → K−π+) =
7.5 × 10−6 and 10−5 with those for the current value B(Bs →
K−π+) = (5.27 ± 1.17) × 10−6, keeping the same 22% error. As
B(Bs → K−π+) increases, the values of γ and those of δd in the
two solutions become closer to each other. However, the values of
δs remain signiﬁcantly different from δd .
To summarize, the U-spin relation between B0 → K+π− and
Bs → K−π+ [9] has been utilized to obtain a range of values of
the CKM phase γ , thanks to new data on the decay Bs → K−π+
obtained by the CDF Collaboration [14]. Values of γ consistent
with other determinations and strong phases δd and δs not dif-
fering substantially from one another may be obtained only if the
branching ratio B(Bs → K−π+) is at least 42% larger than its cur-
rently quoted value of (5.27 ± 1.17) × 10−6, or if the parameter ξ
[Eq. (4)] describing the ratio of decay constants and form factors is
more than about 1.2 (vs. its nominal value of 0.97+0.09−0.11 ).
For the nominal values of B(Bs → K−π+) and ξ , one ob-
tains a solution with a two-fold ambiguity, whose value of γ
in the solution closer to other determinations (using such pro-
cesses as B0 → π+π− [20]) is  60◦ . In this solution, however,
the strong phases are δd  23◦ and δs  155◦ . The latter is incon-
sistent with perturbative QCD calculations and its large differenceFig. 4. Dependence of preferred values of ξT (solid) and ξP (dashed) on the strong
phase difference δs − δd .
from δd would signal signiﬁcant SU(3) breaking or failure of fac-
torization. Solutions with smaller SU(3) breaking, such as those
which would result if B(Bs → K−π+) were at least 42% larger
than its nominal value, would be suggested if recent evaluations
of b quark fragmentation [15,19] had overestimated the fraction of
b quarks ending up as Bs . Alternatively, the SU(3) breaking factor
ξ could be larger than estimated, or could differ in tree and pen-
guin amplitudes. Further studies of the Bs → K−π+ decay and b
fragmentation at the Fermilab Tevatron and at LHCb may help to
illuminate this question.
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